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Abstract

Recent empirical studies suggest that social networks, according to which communi-
cation takes place, have a significant impact on traders’ financial decisions. Motivated by
this evidence, we propose an asset pricing model in which agents communicate informa-
tion according to a social network. In the proposed model, agents initially have imper-
fect and diverse information about the asset payoff structure. Via communication, agents
learn, i.e. gain information, about the asset payoff structure from others in the economy.
The social network indicates whom each agent learns from. The social network is ex-
ogenous and can be considered to represent geographical proximities as well as social
relationships (such as friendships and acquaintanceships). The model generates several
novel implications. First, we prove thabcial influencas a determinant in asset pricing,
where one’s influence is determined by her connections in the social network. Then we
show that proximities between agents in the social network affect agents’ asset demand
correlations: demands of agents from the séigte-knit social cluster exhibit higher cor-
relations compared to demands of those from disjoint social clusters. Impact of social
networks on asset price volatility is also explored. We demonstrate that learning in social
networks may account for the observed high volatility ratio of price to fundamentals in
the stock markets. Finally, we investigate how different specifications of social networks
affect agents’ assessments of the asset payoff structure. To that end, we introduce the
notions ofinformational dominancandinformational efficiencywhich essentially rank
social networks according to the precision of information they generate for agents in the
economy. We provide partial characterizations of informationally dominant and informa-
tionally efficient social networks.
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1 Introduction

Communication of information among market participants plays an important role in financial
decision-making. However, it is not just communication that affects financial decisions. The
social network, according to which communication takes place, is also relevant. In this paper,
we investigate the implications of social networks for asset prices and asset demands.

Our theoretical study of the subject is motivated by two strands of empirical studies. One
strand focuses on the effects of communication in financial decision-making. Shiller and
Pound (1989), Hong, Kubik and Stein (2004) can be counted among the studies of this strand.
The first study suggests that communication with peers affects institutional investors’ portfolio
decisions. The latter shows that stock market participation is influenced by social interactions.
The other strand of empirical studies, which motivates our paper, is concerned with the social
network effects in financial decision-making. This strand includes Duflo and Saez (2002),
Kelly and O’Grada (2000), Hong, Kubik, and Stein (2005). Duflo and Saez (2002) explore
peer effects in retirement savings decisions. They find significant own-group peer effects on
participation and on vendor’s choice, but no cross-group peer effektlly and O’Grada
(2000) investigate the behavior of Irish depositors in a New York bank during the panics
of 1854 and 1857. The social networks of depositors are determined by place of origin in
Ireland and neighborhood in New York. The paper shows that social network is the main
factor in the determination of depositors’ behaviors. Another study by Hong, Kubik and Stein
(2005) exhibits that portfolio decisions of mutual fund managers are highly correlated if they
are located in the same city and the decisions are lowly correlated if the managers are from
different cities.

Motivated by this evidence, this paper proposes an asset pricing model which allows com-
munication and learning to take place according to a social network. We consider a financial
market economy, where two assets are traded: one risk-free and one risky. Agents initially

have imperfect and diverse information about the risky asset payoff. Via communication,

1Also, Duflo and Saez (2003) analyze an experiment to study the role of information and social interactions
in employees’ retirement plan decisions. The results of the experiment are broadly consistent with the empirical

findings in their earlier study, mentioned above.



agents learn, i.e., gain information, about the risky asset payoff from others in the economy.
The social network indicates whom each agent learns from. The social network is exogenous
and can be considered to represent geographical proximities as well as social relationships
(such as friendships and acquaintanceships). In our proposed model, both risky asset price
and social learning convey information across agents.

Given this setting, we study the existence of (linear) equilibrium and show that the equi-
librium exists for any specification of social networks provided liquidity (net supply) of risky
asset is sufficiently volatile. Then we study the asset pricing implications of social networks
in the presence of highly volatile risky asset liquidity. First, we establishsibatl influence
is a determinant in asset pricing: in particular, we show that the information of a socially in-
fluential agent, i.e., the information of an agent whom many learn from, has higher impact
on the risky asset price compared to information of those with less influence. Second, we
investigate how proximities between agents in the social network affect agents’ asset demand
correlations: we prove that demands of agents from the s@ytmieknit social cluster exhibit
higher correlations compared to demands of those from disjoint social clusters. The notion of
tight-knittedness is introduced to capture the fact that people mostly learn from those in their
proximity and rarely from others. Note that, in this regard, our result is broadly consistent
with the empirical study of Hong, Kubik and Stein (2005), mentioned above. The relation be-
tween risky asset price volatility and social networks is also explored. In particular, we discuss
whether learning in social networks can account for the observed high volatility ratio of price
to fundamentals. Our results on this issue are encouraging and indicate that social networks
may indeed provide a justification for excess price volatility. Finally, we investigate how dif-
ferent specifications of social networks affect agents’ assessments of the risky asset payoff. To
that end, we introduce the notionsioformational dominancandinformational efficiency
which essentially rank social networks according to the precision of information they generate
for agents in the economy. We provide partial characterizations of informationally dominant
and informationally efficient social networks.

This paper is related to, and benefits from, several theoretical literatures, namely, the socio-
logical literature on social networks, and the economic literatures on rational expectations and

social learning. Our representation of social networks is based on the sociological literature
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(French (1954), Harary (1959), Wasserman and Faust (199¥)st terms used through-

out the text, such asocial influencetight-knittednessandcentrality, are borrowed from this
literature. The asset pricing model proposed in this paper is based on the rational expecta-
tions literature (Grossman (1976), Grossman and Stiglitz (1980), Hellwig (1980)). Except the
modelling of social networks, our description of the financial market economy mainly follows
from Hellwig (1980). Also, the notion of learning used in this paper is closely related to the
literature of social learning (Banerjee (1992), Bikchandani, Hirshleifer and Welch (1992), EI-
lison and Fudenberg (1993)). In the models of social learning theory, learning generally takes
place through sequential observations of others’ actions over time. Unlike these models, here
we let agents learn from each other according to a social network in a static setup. Also, in this
paper, learning takes place through observations of other agents’ signals rather than sequential
observations of their actions.

In relation to the problem studied and the model employed in this paper, three recent
studies are especially worth mentioning: DeMarzo, Vayanos and Zwiebel (2003), Bisin, Horst
and Ozgur (2005), and Ozsoylev (2004).

DeMarzo, Vayanos and Zwiebel (2003) propose a boundedly-rational model of opinion
formation in social networks. The pivotal assumption of their modeérsuasion biaswvhich
refers to agents’ failure to adjust for possible repetitions of (or common sources in) informa-
tion they receive. This assumption leadstzial influenceagents, who are “well-connected”
in the social network, may have more influence in the overall formation of opinions in the
economy regardless of their information accuracies. The scope of DeMarzo, Vayanos and
Zwiebel (2003) is much broader than this paper, however we still obtain a result similar to
theirs regarding social influence: we show that the information of an agent, whom many learn
from via communication, has higher impact on the asset price compared to the information of
agents with fewer connections in the social network. Unlike DeMarzo, Vayanos and Zwiebel
(2003), we do not dispense with rationality.

Another closely related paper is Bisin, Horst and Ozgur (2005): they provide a model in

which rational agents interact locally. The utilities of agents are modelled so that they depend

2French (1954) and Harary (1959) are seminal sociological papers studying social power and its relation to

the structure of social network. Wasserman and Faust (1994) is a classic text in this field.
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on the actions of those that they interact with. The paper analyzes only one-sided interactions
(i.e., bilateral interactions among agents are not included in the analysis) and assumes that
each agent interacts with exactly one other agent. Local preferences for conformity and habit
persistence are established in the paper. The scope of Bisin, Horst and Ozgur (2005) and the
scope of our paper do not completely overlap: in particular, Bisin, Horst and Ozgur (2005) do
not study financial markets where asset prices convey information on top of social network.
Also, our analysis is not confined to one-sided interactions or interactions with exactly one
agent. Actually, in our paper there are no restrictions on the social network structure (hence no
restrictions on the nature of social interactions). Having said that, we should note the broader
specification of utility functions in Bisin, Horst and Ozgur (2005), where CARA utility (the
specification of utility function in our paper) is just a special case. Also, unlike ours, they have

a dynamic setup.

Ozsoylev (2004) is closest to this paper in regards to the problem studied and the model
employed: the paper proposes a financial market model where agents learn from other’s ac-
tions (asset demands). Whom an agent learns from is determined by a social network. Both
asset prices and social learning convey information. Most of the analysis in the paper is con-
fined to one-sided interactions, but unlike the setting of Bisin, Horst and Ozgur (2005) agents
do not need to learn from exactly one agent. For instance, the setup allows for some agents
to learn from no other agents and actions of some to be observed by multiple agents. Several
asset pricing implications are obtained when social networks impose hierarchy in interactions
(i.e., when networks are in the form of trees). These implications are similar to the ones we
obtain here: social influence is proved to be a determinant in asset pricing when the social net-
work imposes hierarchy, and proximitieshighly stylizedsocial networks are shown to affect
asset demand correlations. The main difference between Ozsoylev (2004) and this paper is in
the nature of learning: here learning takes place through observations of others’ signals rather
than their asset demands. Hence, the analysis of equilibrium in this paper is significantly sim-
pler compared to Ozsoylev (2004) because signals are exogenous to the model whereas asset
demands are endogenous. This simplification allows us to extend the equilibrium analysis to
all possible specifications of social networks, and obtain several novel asset pricing implica-

tions. Also, this paper complements Ozsoylev (2004) by investigating asset pricing under a
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different form of social learning.

This paper is organized as follows. Section 2 exhibits our asset pricing model which allows
communication and learning to take place according to a social network. This section also
provides the definition of equilibrium. The results of equilibrium analysis is given in Section
3. Section 3.1 studies the existence of equilibrium. Section 3.2 analyzes the relation between
social influence and asset prices. Section 3.3 shows that proximities in the social network
affect asset demand correlations. Section 3.4 explores whether learning in social networks can
account for excess price volatility in the stock markets. Section 3.5 investigates the effect of

social networks on informational efficiency.

2 The Basic Model

In this section, we model the economy and define its equilibrium. Except the modelling of
communication and learning in social networks, the description of the economy is mainly
based on Hellwig (1980).

The economy lasts for two periods. Thereare 2 agents, indexed by= 1, ..., n. Trade
takes place in the first period and consumption of a single good in the second. A risk-free asset
and a risky asset are traded. The risky asset has a future rpagoif X, which realizes in
the second period. The price and the payoff of the risk-free asset are normalized/édet
p be the price of the risky assttEach agent is endowed with deterministic wealth,; (in
units of consumption good). If agenpurchases; units of the risky asset, her portfolio yields
the random final wealth; = 2, X + (wy; — pz;).

Fori = 1,...,n, agenti has a CARA utility function:(c) = — exp(—pc). The parameter
p € (0,00) denotes the absolute risk aversion coefficient, which is common for all agents.
Agenti’s expected utility of final wealth is given bi;[u(W;)] = E;[—exp(—pW;)]. The

expectation operatoF;, is conditional on agernits informationZ;.

3Throughout the text, we use the following convention: random variables are denoteildei{such ag)),

and the realizations of random variables are denoted witfildet(such agy).
“Here, and throughout the paper, the teprise anddemandare exclusively used for the risky asset price

and demand, respectively, unless otherwise stated.



Each agent observes the realization of a private random sighat X + ¢;. Signalf;
communicates the risky paya¥ perturbed by some noise

The liquidity (i.e., the net supply) of the risky asset/is which is taken to be the re-
alization of a random variablé. We assume that the random vecto¥f, L, é,, ..., ,) is
normally distributed with mearj., 0,0, ...,0), and nonsingular variance-covariance matrix
(0.2, 00% 02, ...,0) 1,19, Wherey, , » denotes thén + 2) dimensional identity matrix. Note
that the last assumption implies homogeneity in signal precisions.

In our model, agents learn, i.e., gain information, from other agents about the risky payoff
X via communication. Whom an agent learns from is determined by a social network. The
social network is modelled by a simple directed grap¥ith vertices representing the agents,
and directed edges representing the directions of learning. Agents learn from those to whom
they are linked by a directed edge in the social netwark> j denotes that learns from;
about the risky payoff .

We have described from whom agents learn in the economy. Next we describe what these
agents learn. To that end, we need to introduce a couple of notation§. lkeethe set of all
possible simple directed graphs withmany vertices. For any given social netwdvk € Q

and agent € {1, ...,n}, we letS(N, i) denote the following set
{ke{l,...,n}:i— k}U{i}.

Note that the vectofS(N,1),S(N,2),...,S(N,n)) fully captures the interactions among
agents imposed by the social netwgvk We refer tok € S(N, ) as aninformation source

for agenti. By definition, an agent is always an information source for herself. Our model
assumes that learning takes place for any given agbrdaugh the observation of the following

parameter:
E [X | {ek}kES(/\/,z’)} -

That is, each agenbbserves the expectation of risky payaffconditional on her information

sources’ private signals. We referEb[X]{@k}keS(W)} as agent’s social inference Note

SA graph is callegsimpleif multiple edges between the same pair of vertices or edges connecting a vertex to
itself are forbidden. A graph is callatirectedif edges exhibit inherent direction, implying every relationship so

represented is asymmetric.



that whenS(N, i) = {i}, social inferencé][)?\ei] does not communicate any information on
top of private signab;. This is sensible, becaus¥ Vi) = {i} means that agertdoes not

learn from others in the social network.

1

Figure 1: LLUSTRATION OF A SOCIAL NETWORK

This social network)\/, assigns the following information sources to agents 1, ...,4: S(NV,1) =
{1,2}, S(V,2) = {2,3}, S(V, 3) = {1,2,3,4}, S(NV,4) = {4}. According to this network, agefit

learns about the risky payoff from all agents in the economy while ageatrns from none.

Is our modelling of social learning plausible? In particular, why should we regard the
parametelE[f( |{9~k}kegwﬂ-)} as a good representation of agestactual inference from a
social learning process? Becadis[ef( ‘{ék}kes( N,i)} aggregates all information from ageist
sources that is relevant t6. Also, this information is aggregated efficiently in the following
sense:E[X {0 }resov,y] is a sufficient statistic for agerils information sources’ signals.
Formally speaking, the conditional distribution of risky payaffgiven {ék}k;es(/\f,i) is the
same as the conditional distribution 8fgivenE [ X| {0} resv.i)] -

In our economy, the informatiofi;, on which agent conditions her expectation of,
consists of the realized private sigrial social inferencés [)N(|{0~k}k€3w7i)] and pricep. So
both social inference and price convey information across agents in the economy.

Price p that prevails in the market depends on the realized liquiditgnd the private
signalsf ..., §,,. Considering the whole range of realizations of the random varidbbesd

61, ...,0,, the realized market prices generate a random varjablge assume the following:

To see this, check equation 4.9 in the appendix. It revealsﬂl{aﬂ{ék}kes(,v,i)} is a linear function
of > hesv.i) 0. Itis well-known that any linear function K resvii 0y, is a sufficient statistic for signals
{ék}kES(J\/,i) when signals are jointly normal and iid. That is, the conditional distribution of risky pa¥off

given{ék}keswﬂ is the same as the conditional distributionX6fgiven any linear function O} resvii) Oy..



fori =1, ...,n, agent knows the joint distribution of the random vector
<X79~¢,E [X}{ék}kes(/w)] ,]5> :

This assumption imposes the hypothesis that expectations, determined through the private
signals, social inferences and price, are rational.

Finally, we assume that all agents+ 1, ..., n, are price takers.

For the described economy, we define the equilibrium in the fashion of rational expec-
tations: an equilibrium consists of a risky asset price functiBfv,, ..., 0,, L) and demand
functions{zi (01», E[X {0 tresv.)] ,p) }¢:1 ) such that for all realizationgdy, ..., 0, L)
of (6, ...,0,, L)

(a) agenti's demandz; (6;, E[X|{0;}resivi |, p) maximizes her expected utility of final
W)

wealth E [ui(wu) 01, B[X {0 resovn],p = P01, ... O, L)] foralli =1,....n,

(b) market clears, i.e)"" | z <6i, E[f(|{9k}kesw,i)] ,p) = L.

In our equilibrium analysis, we will be focusing on equilibrium prices that are linear in

private signals and liquidity, that is, equilibrium prices of the form

P(él’ ors O, Z) = To + Zﬂ—zéz - ’Vz.
=1
This practice, i.e., exclusive analysis of linear equilibria, is common in the rational expecta-

tions literature, because non-linearity significantly reduces tractability.

3 Equilibrium Analysis

3.1 Existence of Equilibrium

The first thing we investigate is the existence of equilibrium in the described economy. Our
existence proof is by construction: construct a linear function relating the risky asset price to
signals and liquidity and show that this function is indeed an equilibrium price function.

As we noted before, the precursor of our model is Hellwig (1980), which effectively as-

sumes that agents are socially isolated, §éY, i) = {i} forall i = 1, ...,n. From the aspect
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of social inference, our model and equilibrium analysis naturally encompass those in Hellwig.
Hellwig (1980) cannot obtain an equilibrium in closed form, and neither can we. Also, our
existence proof needs to tackle an added complexity: in standard rational expectations mod-
els, including Hellwig's, only price conveys information across agents, whereas in our model
both price and social inference convey information. These two conveyers provide different
and sometimes even conflicting information to agents, which complicates the analysis of con-
ditional expectation formation regarding the risky payoff. Large liquidity variance reduces the
complexity brought by multiple information conveyers in the following sense. When the lig-
uidity variance is large, variations in price reflect variations in liquidity rather than variations

in signals. In this case, social inference becomes a more reliable predictor of risky payoff
compared to price, hence agents form their expectations and determine their demands mostly
based on social inference. Making use of this observation, we prove that a linear equilibrium
price exists for any specification of social networks if the liquidity variance is sufficiently

large. Formally, we have the following result:

Proposition 1 If the liquidity variances? is sufficiently large, then for any given social net-

work N € Q there exists a linear equilibrium price of the form
P = Pl D) = m Y G- (3.)
=1
with price coefficients that satisfy

0< lim ¥¥ <oo, 0< lim 1Y <oo, i=1,.,n (3.2)

O'L—>OO U%—>OO

Proposition 1 shows the existence of a linear equilibrium price satisfying certain limit char-
acteristics: in the limit as? — oo, the linear equilibrium price assigns strictly positive finite
coefficients to agents’ private signals and a strictly negative finite coefficient to liquidity. It is
sensible that private signals are assigned positive coefficients because the higher the realized
private signals the higher the risky asset demands and hence the risky asset price should be
higher. The higher the liquidity the lower the price should be, which justifies the strictly neg-
ative coefficient for liquidity. Also, if one of the limit coefficients were infinite, then the risky

asset price would b&oco. Liquidity is independent from the risky payoff and higher liquidity
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yields lower risky asset price. Thus there is no reason to justify an infinite risky asset price in
the limit aso? — oo. In light of these observations, the limit characteristics mentioned above
seem quite plausible.

In sections 3.2-3.5, we analyze implications of learning in social networks on the risky
asset price and demands. This analysis assumes that the liquidity varfaisckarge and it
only focuses on the equilibrium prices satisfying (3.1) and (3.2). Since such equilibria are
shown to exist in the presence of sufficiently liquidity variance, the forthcoming results are

not vacuous.

3.2 Price and Social Influence

How do asset prices aggregate information in the presence of learning in social networks?
In particular, we are concerned with the relative impacts of private signals on the equilibrium
price in each given social netwai¥, i.e., the coefficients?", 7} with which the signals;, 0,

affect the equilibrium price. In the case of complete social isolation, i.e., &&h i) = {i}

forall i = 1,...,n, Hellwig (1980) shows that all private signals have the same impact on
price as long as agents are homogenous in signal precision and risk aversion. Recall that our
model assumes homogeneity in these two factors. Therefore, in our analysis, if any disparity
arises among the signal impacts on price, this has to be due to the heterogeneity brought by
social networks. Such heterogeneity can come through two routes: agents may have different
numbers of information sources, or agents may be information sources for different numbers
of agents. The heterogeneity due to the latter case can be interpreted as the heterogeneity in
“social influence”. The following proposition shows that social influence affects asset pricing,

in particular, the aggregation of information within asset prices.

Proposition 2 For a given social network/ € Q let 7V be an equilibrium price satisfying
(3.1) and (3.2). Consider a set of agertsi'} C {1,...,n} such thatS(NV,i) 2 {i} and
SW,i") D {i'}. If

n

S OISW . m)n{it > D[S, m) N {i'}

m=1

)

thenm > 7 for sufficiently large liquidity variance?.
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Proposition 2 says the following: if (i) the liquidity variance is sufficiently large, (ii) both
agents; andi’, learn from others, (iii) compared to agehtagent; is an information source
for a higher number of agents, then ageéstprivate signal has a higher impact on price
compared to signal af . The intuition for this result is as follows. As we elaborated before
in §3.1, when the liquidity variance is large agents determine their demands mostly based on
social inference. In this case, if ageémn$ an information source for a higher number of people
compared ta’, agenti’s signal affects a higher number of agents’ demands through social
inference and henciés signal should have higher impact on price.

In summary, the higher the agent’s social influence, the higher will be her signal’'s impact

on price.

3.3 Demand Correlations and Tight-Knit Social Clusters

An empirical study by Hong, Kubik, and Stein (2004a) shows that mutual-fund managers
are heavily influenced by the decisions of other fund managers working in the same city: a
fund manager is more likely to hold (or buy, or sell) a particular stock in any quarter if other
managers from different fund families located in the same city are holding (or buying, or
selling) that same stock. The authors interpret this using an epidemic model where investors

spread information about stocks directly to one another by word of mouth.

Cl CQ

Figure 2: TGHT-KNIT SOCIAL CLUSTERS

This empirical finding suggests that social networks play a relevant role in the determi-

nation of asset demands. In particular, these studies suggest that demands from the same
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“tight-knit” social cluster are highly correlated whereas demands from disjoint social clusters
have insignificant correlation. In this paper, we categorize a social cluster as “tight-knit” if
(i) everyone in the cluster learns from all of the agents in that cluster and no one else, and (ii)
everyone in the cluster is an information source for each of the agents in that cluster and no

one else. Formally, a social clus@rC {1, ..., n} is tight-knit if
SWN,i)={m:SN,m)n{i} #0}=C, VieCl.

The above interpretation of a tight-knit social cluster is somewhat stark, but it captures the
crucial element of information transmission within the geographically proximate populations:
people mostly learn from those in their proximity and rarely learn from others.

The next result partially reveals the relation between demand correlations and proximity
in social networks. Our theoretical finding is broadly consistent with the empirical studies

discussed above.

Proposition 3 For a given social network/ € Q let 7V be an equilibrium price satisfying
(3.1)and (3.2). Foi = 1,...,n, let 2V := 2 (éi,E[X|{§k}keg(/\/’7i)} ,ﬁ’“) denote the equilib-
rium demand ap. Choose two tight-knit social cluste€s C {1,...,n} andCs C {1,...,n}

such thatC; NCy = @ and |C;| = |Cy| > 1. If the liquidity variances? is sufficiently large

and: € Cy, then foranyh € C; andh’ € C,

corr(ZN, 2V) > corr(ZV, 2Y).

Proposition 3 compares demand correlations within and across the social clusters which
are (i) tight-knit, (i) non-degeneratg(iii) identical, and (iv) disjoint. The proposition says
that the correlation of demands within the same social cluster is larger than the correlation
of demands across different social clusters satisfying (i)-(iv) if the liquidity variance is suffi-
ciently large. The intuition is straightforward. Due to large liquidity variance, agents deter-
mine their demands mostly based on social inference. Each agent’s social inference is confined
by the social cluster she is in. Since the cluster is tight-knit, the information conveyed by so-

cial inference across different agents of the cluster is highly correlated. This, in turn, implies

’i.e., the cluster includes more than one agent.
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highly correlated demands within the cluster. On the other hand, the information carried by
social inference to agents from disjoint clusters has little correlation. Thus, demands across

disjoint clusters are lowly correlated.

3.4 Excess Price Volatility and Social Networks

Empirical studies, including Shiller (1981) and Mankiw, Romer and Shapiro (1985,1991),
reveal that stock prices are more volatile compared to stock fundamentals. Different theories
have been proposed to explain the discrepancy in the volatilities. Campbell and Kyle (1993)
suggest that noise trading can be the factor creating discrepancy. This argument works in our
setup as well: when we consider an equilibrium price that satisfies (3.1) and (3.2), we can
easily see that the variance of the equilibrium price exceeds the variance of the risky payoff
as long as the liquidity is sufficiently volatile. However, the high volatility ratio of price to
fundamentals cannot be empirically justified only by high liquidity variance (or large noise
trading). In this section we are investigating how social networks impact price volatility and
whether networks can provide an alternative justification for the observed volatility ratio of
price to fundamentals.

The analysis of linear equilibrium allows for a natural decomposition of the price volatility
into information driven and liquidity driven components. In particular, given an equilibrium

price of the formpV = ) + S, «V 6, — 4 L, the price volatility is delivered by

n 2 n
) = (3o ) ot 3ot
j=1 =1

where thenformation driven volatility componeiig

n n 2 n
var; (V) = var (Z v 91) = (Z ﬂj\/> o2+ Z(W;V)Qaf,
i=1 j=1 j=1
and thdiquidity driven volatility component
vary (FV) = var (VN f)) = (v)202.

The following proposition shows the dependence of price volatility and volatility components

on the social network structure.
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Proposition 4 LetpV* andj"? be equilibrium prices for social networkg, € Q and\; € Q,
respectively, satisfying (3.1) and (3.2). Suppose &(&t;,7) 2 {i} andS(Ns,i) 2 {i} for
all i = 1, ..., n. For sufficiently large liquidity variance?,
(@) var (M) < var (pM2) if DL |SVL )| > Y [S(N2,9),
(b) var;(pM) > var;(p7'2) if Yoy ‘S(/\/’l,i)} =>", ‘S(Nz,i)‘ and
S (S [SWem) 0 {}])* > T (Shm [SV2m) 0 {33]),
(©) var(M) < var(%) i Y0 [SNLD)| > X0, |S(NG, D).

Let us first discuss the interpretations of the conditions given in Proposition 4. The con-
dition >°7, [S(V1,9)| > D1, |S(N2,4)| simply says that, on average, agents\inhave
higher number of information sources compared to thosé,inThe dual condition

Y SN i) = 30 [S(NL, )
n n . 2 n n . 2
Zi:l (Zm:l ’S(Nlam) N {Z}‘) > Zi:l (Zm:l }S(N%m) N {Z}D

implies that social network/; has more “central nodes” comparedh@. Rigorously speak-

(3.3)

ing, this means the following: (i) agents on average have the same number of information
sources inV; as inN,, (i) compared to\, there are more agents.vi; who act as informa-
tion sources to a number higher than the average number in the given network. We say that

social network\; is more centralizedhan social networl/; if the dual condition (3.3) holds.

M Ne

Figure 3: GENTRALIZATION IN SOCIAL NETWORKS

Social network\; is more centralized than social netwaokk. Agentl is the central node ilV;.

Proposition 4 compares price volatility and volatility components across two social net-
works, namelyV; andN,, in which agents learn from at least one other agent. The proposition
considers only the case where the liquidity variance is large, which implies that agents deter-
mine their demands mostly based on social inference. Under these restrictions, the following

results are obtained:
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(a) the liquidity driven volatility component is smaller in social netwavk than that in
social network\; if on average agents ik, have higher number of information sources

compared to those iV,

(b) the information driven volatility component is greater in social netwdrkhan that in

social network\; if network \V; is more centralized than netwon,,

(c) the price volatility is smaller in social network’; than that in social network/; if
on average agents jK; have higher number of information sources compared to those
inNQ.

The intuitions for these results are as follows. If agents have higher number of information
sources inV; compared taV;, then agents have more information available to thenYjn
compared toV, through social inference. More information helps agents better disentangle
liquidity from price, which consequently decreases the impact of liquidity on price. Thus,
the liquidity driven volatility component is smaller jK; than that in\,. This explains part
(a). The intuition for part (c) is straightforward in light of this explanation: since the propo-
sition only focuses on an economy with large liquidity variance, the size of liquidity driven
volatility component surpasses that of the information driven volatility component, which
effectively means price volatility is determined mostly by the liquidity driven volatility com-
ponent. Hence, we have the result given in (c). If social netwidrks more centralized than
N, then agents iV, determine their demands mostly based on the central nodes’ signals
whereas agents i, treat all signals in their social inferences relatively equally while form-
ing their demands. This means in netwgvk changes in price are significantly dependent
on changes in central nodes’ signals. Whereas in netwgrkhanges in price are relatively
equally dependent on changes in each signal, and given the independence between the error
terms of the signals most of these changes wash out each other. Therefore, the information
driven volatility component inV; exceeds that of,. This explains part (b).

Recall that the initial motivation of this section was to see whether learning in social net-
works can account for the observed high price-to-fundamental volatility ratio. Virtually all
theoretical and empirical studies on price volatility to date assume that agents are socially

isolated, i.e., that they do not learn from each other. In light of this, Proposition 4 seems to
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enhance the puzzle regarding excess price volatility because the proposition implies that price
volatility will be lower if agents actually learn from others when the liquidity variance is large.
However, this is not necessarily discouraging news. First, the proposition’s implication holds
only when the variance of liquidity is sufficiently large relative to other parameters of the econ-
omy, and social learning may actually yield high price volatility for a different specification

of economic parameters. Second, the proposition tells that central nodes in the social network
increase the information driven volatility component. This hints that high price volatility may
be obtained in a network with central nodes. Using these clues, we construct an example in

which social learning yields higher price volatility relative to social isolation:

N* N°

Figure 4: (ENTRALIZATION VS. ISOLATION
In this figure, we see the illustrations of two social networks: a st&r*, in which all but one learn

only from a unique agent, and a trivial network’?, in which all agents are socially isolated.

Remark 1 Let social network\* be a star so thaS(N*, 1) = {1} andS(N*,4) = {1,4},

i =2,...,n. Also, let\/° be a trivial social network so tha(N°, i) = {i},i = 1,...,n. Both

N* and N° have unique linear equilibrium prices given any specification of the parameter
vector(p,o2,02,07,n) € R, x {2,3,..}.

Suppose? = sn? for somes € R, ,. Then
var (ﬁN*) > var (ﬁNO) (3.4)
for sufficiently large number of agents Moreover, for any given constant > 0 there exist
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N € Z,, ando?(N) € R, such that for alln > N and for allo? < ¢2(N)
var (ﬁN*) > (' var (ﬁNO) and var (]SN*) > C o2 (3.5)

Remark 1 considers an economy with large populationssiaed appropriately large lig-
uidity varianceo?. Under these restrictions, we see from (3.4) that price volatility in a star
network is larger than that in a trivial network imposing complete social isolation. Hence,
price-fundamental volatility ratio in the star network will always be higher than the ratio found
under the assumption of social isolation. Also, (3.5) tells that price volatility in the star net-
work can be made arbitrarily large relative to the volatility of risky payoff (i.e., the volatility
of fundamental in our setup) by making private signals sufficiently precise. These results sug-
gest an alternative explanation for the observed high volatility ratio of price to fundamentals:

learning from common and central sources can be the cause.

3.5 Informational Efficiency and Social Networks

In this section, we investigate how different specifications of social networks affect agents’
assessments of the fundamental, i.e., the risky payoff. In particular, we would like to see the
implications of learning in social networks regarding informational efficiency. To that end, of
course, we first need to explain what we mean by informational efficiency.

We define informational dominance for social networks as follosegial network\/; is
informationally dominated by social netwak for the set of equilibrium priceg 7\, 72 }
it var (fqé,., E[X {0 bresini] ﬁN1> > var (fqé,., E[X {0 bresinn] ﬁN2> for all
1=1,...,nand Var(X‘HNh, E[X‘{ék}keS(M,h)] ,]5"\[1) > Var(f(‘éh, E[)N(Hék}keg(/\/%h)] ,ﬁNQ)
for someh € {1,...,n}.

This definition is sensible in the following sense. To determine informational dominance of
a social network compared to another, we look at the precfifisky payoff X conditional
on agents’ informations in each network. Naturally, the higher the precision, the better the
assessment of risky payoff will be. Thus, if in netwoyk all agents’ informations regarding

risky payoff is at least as precise as their informations would be in netivgrnd one agent

8i.e., the reciprocal of variance.
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in NV} has strictly more precise information regarding risky payoff than he would ha¥g,in

then we can reasonably say that social netwdrknformationally dominates social network

N,. We should emphasize, though, that the informational dominance comparison between
two social networks is dependent on the selection of equilibrium prices.

We next define informational efficiency for social networ&scial network\ is informa-
tionally efficient for the set of equilibrium price{gﬁN N € Q} if A is not informationally
dominated by any social netwofX € Q for the equilibrium prices{ﬁﬁ,ﬁv}.

The following proposition partially reveals the impact of social networks on informational

efficiency:

Proposition 5 Let {7V : N € Q} be the set equilibrium prices that satisfy (3.1) and (3.2) for

each\V € . For sufficiently large liquidity variance?,

(a) social network/\; is informationally dominated by social network;, for the set of
equilibrium prices {71, 72} if |[S(V1,1)| < [S(N2),4| foralli =1, ..., n,

(b) social networkV is informationally efficient for the set of equilibrium pricgs" : NV € Q)
if SIW,i)={1,...,n} foralli=1,...,n.

Proposition 5 makes informational dominance comparison between social networks for
the set of equilibrium prices satisfying (3.1)- (3.2) when the liquidity variance is sufficiently
large. Part (a) of this proposition says that netwafkis informationally dominated by,
if agents have fewer information sourcesAfi than they would have i,. Part (b) of the
proposition reveals that the social network in which each agent learns from everyone else is
informationally efficient.

Although, Proposition 5 seems to state the obvious at first sight, one has to be careful
about the interaction between social inferences and price. The proposition holds only if the
liquidity variance is sufficiently large which implies that social inferences are more reliable
predictors of risky payoff than price is. In an economy with large liquidity variance, the
higher the number of information sources, the better agents assess the risky payoff based on
social inference, hence the results stated in Proposition 5 follow immediately. However, when

liquidity variance is small, the number of each agent’s information sources in social networks
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is not necessarily the sole factor in determination of informational dominance: under certain
specifications of economic parameters, social inferences can impair information aggregation
in price, which may, as a consequence, impair informational efficiency. The ways in which

social inference can impair information aggregation in price have already been discussed in

sections 3.2 and 3.4.

4  Appendix

We make extensive use of Projection Theorem in our proofs. Below is the statement of the
theorem:
Projection Theorem: Let (z,y) be anm-dimensional jointly normally distributed random

vector with mean, € R™ and variance-covariance matrix € R”™*™, Suppose that

o= 4 and ¥ = Y :

ﬂly mx1 st Zyy mxXm
where i, denotes the mean of random vectore {z,7y} and X, denotes the variance-
covariance matrix of random vect6i, b) € {z, 3} x {Z, 7}. Then the conditional distribution

of Z giveny = y is normal with meam, + %,,%, ' (y — ) and variance,, — 3., %, %,

Fori=1,...n,let

1 SW,i) = {i}
0 : SW.,i) 2 {i.

w./\/’ﬂ' =

The following lemma provides the necessary and sufficient conditions for the existence of a

linear equilibrium price.
Lemma 1 For a given social networR/, a linear equilibrium price of the form
ﬁ = P(él,...,én,Z) = 7T0—|—Z Wlél—"}/z (41)

i=1

20



exists if and only if the following equations hold for sofmg, 7y, ..., m,,v) € R

o

where

Qo;

ayq

a2;

1
az; ) ao; ’
Dict (w/\fz 2+ (1= wny) Bt )
a4 a i
0! <wN,i b—l + (1= wyr) =
1 i WAN i

(1 — wprm) Ggm |SN,m) N {i}|o? o
+Z bm+w,/\/’7m O_€2+|S N,m |0_127 y 2—1,.‘.,717

n
—Q2i Ty + [y (bi — a1, — ag; g 77]‘) )
j=1

n
2
o, E 7r
J=1

ijma + 7y 0L> ,

—v?o% (02 + 02) + ot — (m Zﬂ])o +2Z7TJ7T10'60'96
7j=1

(&)

n
2 2 2
o, E o, —
j=1

a —|—0 Zﬂ' Ue—i-(iﬂj) 0323 )
j=1

2062 + ’y%ﬁ) .
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(4.2b)

(4.2c)

(4.3a)

(4.3b)

(4.3c)

(4.3d)



and

Qo;

—Q2; Ty + fg (82 — a1 — Qg Z T — dSi) ; (4.4a)
j=1
o2o? z@ S ol 3w s (a.45)
kES(N i) kES(N i)
2

ag; > m| (02 +02)0l = (IS i)| = 1)(0? + SN i)|02)o7
kES(N i)
—2m Ym0l + (S i)eR)o? + IS i) |af (0F + ISV i) |03)o?
kES(N i)
—(|SW,4)] - 1) (Zﬂ' o2 +|S(N,i)|o2)a? + Z TRO20
keS(N i)
. 2 2 2\ 2
+(Xom) (02 + IS i)o?)o?
7j=1
_ijo <O’ +2 Z ol + |S(N, ) |Z7Tj )), (4.4c)
keS(N i)
a3 (07 + ISV, 3) o7) <(|S( i)l = 1) (017" + o Z i)|o?m
—0? Z ﬁkZWj —|—O‘€27TZ'( Z 7rk—|—27rj)>, (4.4d)
keSN,i) =1 keS(N 4) j=1
~ 2
b; ((\SNZ]—l <Z7r -2062—1—720%)—( Z 7rk—7rl-) O’?). (4.4e)
kES(N i)
The equilibrium demands that correspond to pricare of the form
7 Sl - Qo Qo
o, EIX . — i 1 — N
Zi (917 [ ‘{ek}kES(N,z)}vp) WAN i bl + ( w/\/’J) bz N W

(0513 (All ~
T LN RV P )
bi bi + Wi

Q24 ag; -

b,;—l—wNi

+(1—U)N,¢)Ba—3 (X {0k esviy], i=1,..,n



Proof of Lemma 1:Given social networld/, suppose there exists a linear equilibrium price
of the form (4.1). First, we solve for agents’ demands at the equilibrium price. Fix an arbitrary
i € {1,...,n}. Due to the CARA-normal setup, demand of ageistgiven by

E [X‘Hi,E[X’{ek}kesw@)] ,p} —p

Zi eiaE[X‘{ek}kGS(N,i)]ap = = = . (4-5)
( ) p var <X‘9ia E[X|{0 tresovi)] ,p)

We have two cases to analyze: Q)V, i) = {i}, and (2)S(N, i) 2 {i}.
Case 1(S(NV,i) = {i}): In this C&SEE[XHQk}keg(NJﬂ = E[X|6;]. The information

conveyed byE[X|6;] is redundant for agertsince she knows;. Thus, in this case,

E [X\el-,E[)ﬂ{ek}kesm)],p] - B [X‘Gi,p] , (4.63)
var (X"Qi? E[X|{9k}kes(N7i)} ,p) = var (X‘Hi,p> . (4.6b)

Let V; denote the variance-covariance matrix(ét, 15), andlV; denote the covariance matrix
of X and (0}@). Sincep is a linear function of the normal random variabfgs..., 6,,, L, the
random vector(f(, éi,ﬁ) is jointly normally distributed. Thus, due to the projection theorem,

the conditional distribution of the risky payaff, as assessed by agenhas the mean

) 0. — .
E [X]Gi, p} — e+ WV ’i , (4.73)
p—To— 23:1 g Mg

and the variance

var <X|9i,p> = o2 - WIVW, (4.7b)
where
v 0.2 + 0 > T o ol
i = 2 )
D T 0 + Wi ol (Z?:l Wj) o+ Y5 Tl + P07

ol
Wi = .
> w02
j=17"J) "z

Equations (4.5), (4.6a)-(4.6b) and (4.7a)- (4.7b) yield
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where the coefficientsy;, ai;, as;, b; satisfy (4.3a)-(4.3d).
Case 2(S(N, i) 2 {i}): Using the projection theorem, we obtain

S1(A 1 1 -
E[XHGk}keS(N,i)] = ,ux+i+z T Z — Ok — ptz)
o2 keS(Ni) 02 keS(N i) O¢
0’2 02
= y 2 - Or. (4.9
2 LISV, o2 " T L SN, i)[o? > O (49)

T% keES(N i)

Let V; denote the variance-covariance matrix(ﬁ,E [f( |{9~k}k€3(/\[7i)] ,ﬁ). Also, let 1V,
denote the covariance matrix of risky paydff and (éz-,E |:X|{9~k}kes(,/\/’,i)] ,ﬁ). Sincep
andE [X‘{ék}keb’(/\/,i)} are linear functions of the normal random varialdles..., 6,,, L, the
random vector(f(, 6, E [X‘{ék}kes(/\/’,i)} ,ﬁ) is jointly normally distributed. Once again,
due to the projection theorem, the conditional distribution of the risky payofis assessed

by agent;, has the mean
E [5( 105, B[X {0 bresva] ,p} = o+ WV B[X {0k bresov] — e |+ (4-108)
p—To— Z?:l Tj P

and the variance

var (X}ei,E[Xy{ek}keS(M], p) = o2 WV W (4.10b)
Note that
Ozx2toe? gglf‘(g/z/)‘;w% w_J'_ 2+|3(N z)\UQ 2 Z?:l T 0'12_’_7” e
i Gglf‘(gﬁ‘gfgg o+ 2+|3§/ o2 o? var (B[ X {0k }res i) ) cov(E[X {0k kesv.)| D) )
S5y M oa i o cov(E[X {0k }resv.p)|B) var ()
where
. S(N,1)|o?
E |:X 9 i :| 5 ~> - ‘ 7 9
cov( |{ k}keS(N,) p 062+\S(N,2)|02 ;w]cr + 2+|8N”U§ksz mae

Var<E [X|{9k}kesw,i)]> - (a2+18ij\/ i)‘02> (IS, 1) %02 + |S(N, i) |02)
n 2 n
var(p) = <Z7Tj) 0323+ZW?U€2+’720%7
i=1 j=1
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and

2

Oy

A

o ISNi)lo2 o
Wi 2HSW,i)o2 a

Z;L:I o,

Also, note thatV; is invertible sinceS(N, i) D {i}.° Going back to equations (4.5), (4.10a)
and (4.10b), we derive

A

% (0B {0iheswenl p) = 50+ T 0+ o+ B[R] (Odkesia], (411)

where the coefficient&y;, a;;, aq;, as;, Bi satisfy (4.4a)-(4.4e).

Combining the demands for cases (1) and (2), namely (4.8) and (4.11), we'®btain

> Qo; Qo;
2 (91', E[X|{0 tresovi)] ,p> = wn A (1= wpy)
bi bl + WN i
" (wN,i—lJr(l—wN,z)A 1 ) g
bi i WA
Qo
+ (uw,z- (1 —wyy) —— )
bi i WA

as; ~
bi + WN i

Since we initially fixed an arbitrary € {1, ...,n}, (4.12) holds for ali =1, ..., n.

Next, we impose the market-clearing condition on demands given by (4.12):

n

=1

9If S(\V, i) only consisted of, V; would not have full rank since the second rowiéf(i.e., the covariance
of E[X|01] and (Gi,E[X|9,;],p>) would be a multiple of the first row of; (i.e., the covariance of; and
(91, E[X|6;] ,p)). This simply follows from the fact that the information conveyediyX |6;] is redundant for

agenti because she knowds.
10We addw, ; to b; in order to avoid division by zero whe®i(\, i) = {i}. After this modification, demand

given by (4.12) is well-defined, and still consistent with demands given by (4.8) and (4.11).
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Solving forp from (4.13), we obtain

Y (uw,z- PR aifix,i)
. S (1 —wpy) #E [X\{Ok}kesw,i)] - L. (4.14)
=2 (w/v,i R Sl bfjw)

Consequently, (4.1), (4.9) and (4.14) together imply the system of equations (4.2a)-(4.2c).
Therefore, a linear equilibrium price of the form (4.1) exists if and only if equations (4.3a)-
(4.3d), (4.4a)-(4.4e) and (4.2a)-(4.2c) hold for sgqmg 71, ..., 7,,y) € R*2. [

Proof of Proposition 1:Following Lemma 1, ifp = mo+ >\, m 0; —~ L is a linear equilib-

rium price for social networkV/, thenforalli = 1,....n

™, =

wns (g, wo? = Sy mymio? + %03 )
.
po? (Z? 302 — o 4720 >
(1= ) 0202 (1 75 = Lhesova ™ ) (Sresova T — ISV ) )

+
2
202 (SO0 = 1) (S o = 7o 492 = (Sucon ™ — ) 02) + v

+ > (1= wnm) [SWV,m) N {i}]oF x
m=1
[ (1SN, m)| =1)(07y* + 02 37 73) =[SV, m)|o?my,
2

po2s ((|5(/v m)| - 1) (z] | 7202 — 72,02 ﬂzgi) _ (Z%S(Mm) T — 7rm> ag) + W
—o? ZkGS(N,m) Tk Z;L:1 T+ afm( ZkES(N,m) T+ Z?:l Wj) ] )
5 :

poic ((|S(./\f m)| —1) (Z] 302 — 2,02 4 720%) — (Zkes(./\/’,m) T — Wm) a?) + WA m

+
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Letg, := ”7 1 =1,...,n. Then, the equation above yields

wi (S5 @202 = X aja0? + o}
po? (Z}Ll g0 — qiol + 0%)
(1= wns) 0202 (5145 = Lnes &) (Snesova @ — SOV, )lai)
2
poio? (<|S<N, i)l = 1) (Syo @02 = o7 + 03 ) = (L @ — @) az) T

q; =

+

+ i(l — W) SN, m) N {i}|o? x
m=1
[ (ISVm)| = 1) (0% + 2 X, ) — ISV m)o?e?
poo? (S| = 1) (140202 = 02+ 0%) — (Skesoag 0~ ) 02) + 0w
—0? Zkesw,m) QK Z;Ll q; + U?Qi( Zkesw,m) qr + Z;Ll qj) ]
pao? (SWm)| = 1) (-4 0202 - 02+ 0%) — (Skcsoang 0~ ) 02) + 0w
(4.15)

+

Note that equation (4.15) is independent frenand w,. Next we show that (4.15) actually
holds for soméq, ..., ¢,) € R". Consider the functiorf : R” — R" satisfying*

W i (Z?:1 %2' 2 - Z?:1 QjQiU? + U%)
po? (X)) @202 — ¢¢o? + 1)
(1= ) 0202 (5 45 = Cresov ) (Sreso & — ISV i)la:)

2
poio? ((\sw, i = 1) (X 20?2 - 202+ 03) — (Lhesovn @ — &) oz) +

(f(ar, - an)); =

+

+3 (1= wnm) [ISW,m) N {i}o? x
m=1
(ISOVm)| = Do + 0230, g2) — SV, m) o2
2
potot (Sl = 1) (S 0 = 02 +03) = (Srcony 0= ) 02) + i

—o? ZkeS(/\/,m) qr 2?21 g+ qui(zkesw,m) Ik + 2?21 Qj>

+
2
po2o’ (<|8<N, m)| = 1) (S, 02 = 2,07+ 03 ) = (icsim & — ) az) + W

(f(q1, .., qn)); denotes théth component of the vector value ¢y, ..., ¢,).
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There exists a real vectdq;, ..., ¢;) satisfying (4.15) if and only ifq;, ..., ¢¢) is a fixed point
of f. Using Brouwer’'s Theorem, we will show th@thas a fixed point for sufficiently large
o?. Itis easy to check that is continuous in the domai{U, 2+ p%]n Also, if (q1, ..., q,) €
[0, 2+ #r thenforalli =1,...,n

m (f(qr, o @n))i = wnvi+ D (1= wym) SNV, m) N {i}|—;.

1
2 o
07 —00 el PO¢

Thus, for sufficiently large?, if (q1,...,q,) € [O, 2+ pT”Q]n then

n
0< s Qn) )i <24+ —, Vi=1,...,n.
(Flar )i <2+ 55, Vi n

>n for sufficiently larges?. Then from

n
2
po2

This proves thatf ([0, 2+ p%]n> - (0,2 +

Brouwer’s Theorem, there exists;, ..., ¢*) € (0, 2+ m%) such that

fld,aq) = (4@, q,)

wheng? is sufficiently large. Consequently, equation (4.15) holdsdpr..., ¢}) € (O, 2+ p22>n

for sufficiently larges?.
Let

wni (e o) —af )olod
No= e, (2o 5 ot ot

po2od (S0 (@202~ (a})202+03)

(1—uwn VISWNDI-1(TI_, @ - Tresv,i % )7203

+
2,2 ; $N2.2 (%2 2. 2 v %)% 2
po2o? ((\swn)\—l)(zj:l(qj) o2—(a1)202+03 )~ (Shesv,i -1 ae)ﬁw,i

2 2
—03 (2+o2)+(a))2od+2 0y dfaf oo+ (T, @) ) k(o2 +od) (E}Ll(q;)%?-k(i)?:l ar) a,%)

n
_2,_ WA
=1 7
’ po2ad (S0, (@)202~(af)202 403 )

(Skesv.a) q;)2<aZ+oi>az—<\S<Nﬁi>\—1><a3+\sw,z’>|a,%>o%—2q;* Shes i) G OEHSW i) 02)0?
po2o3 ((SWI-D)(S @202~ (0202403 )~ (Sresv ah—af) o2 +uni
HISN,D) ()2 (2 HISWN0)[02) 02 —(ISINi) | -1) 71 (65)2 (62 +IS(Ni)|02) o2
po2o3 (1SN -D(Sy @)202— (1) 202403 )~ (Sres ah—af ) o2) +uni

+(1_wj\/,i)(

—1

2
<\S(N,i>|—1>((z;?=1 a3 ) (@2+ISND)oD)o2 -7 0502 (2T pes(n,i o2 HISNV D THy q;ai)) )

2
po2od ((1SW.01-1) (£ (0202~ (01202407 )~ (Shesvi) 11 -97) o2) +un.i

71'{\/ = qu;k, i=1,..,n.

The coefficients and 7, i = 1,...,n, satisfy the equations in Lemma 1 for sufficiently

larges?. Using~y" andr, i = 1, ..., n, itis also straightforward to find;)’ that satisfies the
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equations in Lemma 1, however the calculation is tedious. Following Lemma 1,
AT N
=1

is a linear equilibrium price whea? is sufficiently large. Moreover,

2 2
lim ,YN _ PO Oy
0F o0 > it (Wi (02 +02) + (1 —wyi) (02 + [SN, i)[03))
since(q;, ..., q) € <0, 2+ p%) . Therefore,
0< ;im W < o0, 0< ;im 7TZN: ;im AN (2+L2)<oo, i=1,...,n O
O'LHOO O'LHOO O'LHOO 0_6

Proof of Proposition 2: SinceV is a linear equilibrium price, it immediately follows from

Lemma 1 that

’ po2o3 ((1SWal-D (S (r)202 (w202 +0N 1203 )~ (Sresary o~ ) o?)

+ Xhm1(mwn ) [SVm)n{i} o x

ﬂ,N _ ’YN( f’zf’rzc( ?:1“?[*Ekesw,i)“ﬁ\[)(zkesw,i)”{CV*\S(NJ)\”?[)

J
p o3 ((SWm)l-1) (£ o M)202 —(x})202+(A)203 )~ (Spesnm) o~ ) 02 ) +uprm

[ (\S(N,mn—l)(a%wNﬁwf 2;:1<w§">2)—\S(N,mﬂo?(«i\nfﬁ—v? ShesW,m) T iy

. 2o (Sresm B+ )
pa2od ((ISW,m)|—1)(S7_, (M)202 () 2024+ N)262 )~ (Spes(arm Y —m ) 02 ) +wpr m
J J ( )

for all ¢ that satisfiesS(N,:) 2 {i}. Let{:,i'} C {1,...,n} such thatS(N,:) 2 {i} and

S(NV,i') 2 {i'}. Given that) < lim,> .7 < oo and0 < lim,z _, 1" < o0,i=1,..,n,

7

. 1im02~>oo ’VN - . .
Jm (Y =) = S ST ) SV m) 0 (i}~ SOV, m) 1 7))
L € m=1
hma%~>oo ny = . ./
= TZ(IS(/\/,m)ﬂ{l}l—IS(Mm)ﬂ{Z}I)-

€ m=1
Therefore, ify"" _ |S(NV,m)N{i}| > S0 _ |S(NV,m)N{i'}|, thent¥ > 7)) for sufficiently
larges?. O

Proof of Proposition 3:We will prove this proposition in three steps:
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Step 1:Following Lemma 1, if[S(N,7)| > 1, then equilibrium demand of agenthat
corresponds tg" is of the form

2=z (éiaE[X‘{ék}kES(N,i)},ﬁN) = 5 9 ?Z ﬁNJF%E[X’{ék}keS(N,i)L

where the coefficientsy;, ai;, ao;, as;, b; are as given in Lemma 1. The projection theorem

implies that

2 2

R 5 g
B[X[{0 9] = N )0z 0 '
{0k b resviy 062+|8(N7Z)’0%M + 02 +|S(N, 1) %ke§/) k-

Thus, fori = 1,...,n with |S(NV,i)| > 1

52

2
= a1 o 820 N 83i z G2 N 2
( i +Zkesw,z>< BTk T, o%+\8(,/\/,i)\062)+zk€5(-/\/’,1) 5, Tk ) %%

) ) 2 2 . 2 ) 2
a2 N 434 oz a2i N 2 agq N 2
+<2ke$(}\/,i)\{i}< B "k + B a%+|S(N,i)\a2> +Zk€$(l\f,i)( B "k ) ) o+ < 5, ! ) oL (4-16)

and fori # h with [S(N,i)| > 1, |S(N, h)| > 1,

var(zV)

N N _ ay; | a9 n N a3l \S(./\/',i)|o'% a’lh th N asp |S(N, h)|o' 2
cov(z', % ) = ET D  E My el Ty vars e 21 T3, SZHIsWomloZ ) 0=
~ ~ ~ 2
424 92h (N2 ;2 215 [ %1h “2h N a3p 9z 2
+ b; by, (r¥)7o + b; (b 3" + by, o2+|S(N, h)\o'z> Oe

a 2
22 { %1h N ”‘2h n agp  ox 5
+ b ( o, +=2R 500 1(7T )2 -‘rbh = SN EIgYASTP ZkesNhﬂ%)‘Te

a 2
XA - S— T azh N “3h m 2
1 3, STV o2 ( [SWAON{RY+ P2 Yhesov ™ + sl ) o2. (4.17)

Step 2:Recall that the following conditions hold for social clustérsand(Cs:

(i) €y andC, are tight-knit,
(i) ¢,NC, =0, and (4.18)
(iii) |G =]Cof > 1.

In this step, we show that there exi$l$’ € R such thatr = m¥ = IV forall h € C,
andh’ € C, if o2 is sufficiently large. First, let us prove that there exig{$ € R such that
oV = II) for all h € C; wheno? is large enough. Suppose not. Then for any given level of

o3, there exists somec C; such thatr¥' > ¥ forall h € C; andr > 7 for somes € C;.
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Following Lemma 1 and (4.18),

~ ~ 2
alr z : a3m g
7TN pry ’“}/N ’ + ~ -

2 2
T me{m/:S(J\/,m’)ﬂCl;ﬁ@} bm UG + |S(N7 m)‘o-x

<

= W ( Fo1 7 ~Shec; ™ )(Ekecl ™, —IC1lmy )
((|Cl| D(S0, M)21024+(M)202 ) (Shee, 7)) o2+ (2 Shee, ,rk_‘clw)gg)

T€ oz

N 2
asg o
+Zm€{m’:8(,’\/’,m’)ﬂ(‘,’1¢@} I;rnm §+‘S(Aa;"m 2) .

Chooser? large enough so that

Zkecﬂrk \Cl|7T

(111 = 1) (Zjoa (m 207 + (V)20 = (Dieey 1) 02 + 7 2 Ly 7l = ICal) o
Cree ™ — lCi]m

(12l = 1) (s (m)202 + (4)202) = (Diee, )" 02 + 7 (2 Epee, = [CalnY) 02

Then

<

T < AN ( J=1" J ~XkeC; Tk )(Ekeclﬂk —lICylms )
P((\Cl\—1)(2?11(#9[)2024-(*//\/)2 2) (Ekecl ,Q/)Qge.»,_ﬂ— (QEkGC 71- \c1|ﬂ-é\/’)gé2>

<

o 2
a3m Iz
T2 me(m/ SOV 20} T az+|s<N,m>v%>

2
N[ Qs Z A3m o;
-7 T 7 9-2 2
s me{m/:S(N,m’")NC1#0} bm e |S(N? m) |C x

N

= m, .

Sincer > 7V, we have a clear contradiction. This proves thit = TI¢ for all h € C,
wheno? is large enough.

Similarly, we can prove that there exiglg’ € R such thatr)y = I} for all ' € C, if o7
is sufficiently large.

Now we only need to show that) = II})’ = IV for somellV € R. Suppose not. Then
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without loss of generality we can assume that > IT)’. Following Lemma 1 and (4.18),

Narfo? (02 +02) ((FP0h + S0, (X Po? = 20CH (T P2o? = T 0,0, 707

N
Ih 02 + |Cy|o? 2,52 2 2,72 N2 72
¢t lle; po20? ((1%)20% + i, ()02 — (61| ()20 )
oot (0 o) (0Md + S (Y Pt — 2l ol - IS e, 7o)
2 2 n
ot + [Galo po202 (V)01 + Ly (m Po? = |Cal (I1))%0?)
= 1.

Thus, by contradiction, we must hail = IT)" = IV,
Step 3:Suppose that? is sufficiently large. Following Lemma 1 and Step 2, for/alk C,
andh’ € Co,

~

a1p = Qi = 0, Ggp = Qo = G2, a3y = A3y = a3, by = by =

S

for someas, as, andb. We can choose? large enough so the%% # 0 and%3 # 0. From
(4.16) and (4.17), if € Cy, then

corr(zZN, 2YV) — corr(ZV, 7)) =

= <"*‘C1‘°’) : > 0. O
az
b

2
2 2 A 2 N 2
2 H/\/az as 2 1 ag _ a2 oN 2. (2. N)°,2
eyl ( +E e ) Uz+<(\cll )( + R e ) +n=ler ) (RTN)" ) o2+ (229N) 02

Proof of Proposition 4:Let

n

]3/\/1 _ 7.[.0/\/1 + Zﬂ-i\[l 0; — ’YN
n

]5/\/’2 _ 7.[.6\/2 + Z 7.[.?\/2 0; — ,YN2
i=1

Following Lemma 1, (3.2), also the fact thR&t\;,4) 2 {i} andS(Ns, i) D {i} Vi=1,.
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we have
(|SWV,i)|— 1)(2” 1 W Ekesu\f i) W) 0203
’YN = 1+21 1

N ) NN
potad (<|S<Nz>\ 1)(2;:1<7%,>202—<ﬁ>202+o ) (zkesw,)W W) ag>

AN L , s AN N b
( - [(zkesw,i) %) (02 +03)02 (1SN =D(oZHISW Dlo)o ~2 78 Tes(n,) ~hr (2 HSW lod)o?
“| -

N N N
podod ((\swm 1><zn 1(W)2 o2 (Wﬂ o2+o% ) (Ekeswww W) a?)
N N
\sw¢>|<W>2<a2+|swi>\o,%>02 (IS -1) 7 1(%)2(02+|$(Ni)\0x)g

N NN
P'—"'ef"z <(|$(N7'>‘ 1)(2” (W)202*(W)202+0‘ ) (EkES(N'L)W W) o-?)

71"/.\/ 2 7'rN N N —1
(IS i) —1) ( ;Llrjvf) (@2HISW )0 2)o2 -7 1Woz<2zkeswz) TR o2 HISWN ) Tl 1W%> })
Y

N NN
podod (“5(/\”)‘ 1)<E" 1(W)2" _(W)Q ot+oi ) (Ekesw v W) 62)

+ o1 ISV m)n{i}e? x

7-("\/ = 4N "2"%< J=1"73 _EkeS(Nz>“k )(Ekesu\m)ﬂk ISV, i) |m; )
pa2od (IS .dl-1) (£p_; (V1202w N)202+(N)203 ) (Shes v = =) Ue)

(|S(NV,m)|— 1)(‘7 ( N) +‘75 En 1(7TN>2) SV, m)‘dz(ﬂm>27°'e ZkGS(N m) Trk Z] 17 é\/+o' s (Ek€$(l\fm) Tk +E] 1™ 'j/v)
paeam((\swm)l D(S5_, (2022024 (A)202 )~ (Siesarm o - ) o2

for N € {N1, N>}, Thus,

2 2
pU U
I - ‘ 4.1
gjfiﬂ no? + 50 |SNVi)]o2’ (4.192)
_ " ISV m) N {i}| o2
%Hn 7TZ/-\[ = %;”;j_’zgn |8)<N{Z)}||0'2 , i=1,...,n, N e€{N,No}. (4.19b)
g € i=1 ) x
Using (4.19a)-(4.19b), we obtain
o TP (104 T S0
02 oo vary (pM2) no? + Y " |SWN,i)|e2)
o ) (01 T UG DY
o2 —oo vary(pM2)  \no? + S ISN,d)|o?

3

(S0 S0y IS m) A {73}) 0+ S0, (S IS m) 1 {52020
(S0 Sy 1SN m) 1)) ot S, (S0 (SN m) 1 (7} 20202
(=
5>

&

_ no+z”\8w2,z>|az)2x
NGRSO
ot SNG4 S\ (S [V, m) 0 (33P0
et SN ) ) 02+ S, (i [S (NG, m) 1 {52

na +Z’L 1‘8( ) )‘Ux)2
no? + 3 [SWLi)le? )

5
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Now it is straightforward to see that for sufficiently largg

(@) var,(p\) < var (pM2) if YU [SMVLE)| > Y |S(NG, 6,

(b) var; () > var, () i ST, [SWLI)| = S0, [S(A,i)| and
S (S [SWVLm) N {}])” > S (S [SN m) n{i}])’

(© var() < var(p2) it Y [SWLI)| > S [S(N,6))- O

Proof of Remark 1:Using Lemma 1, it can be verified thaf* has unique linear equilibrium

price and that it is of the form

PVo= om0+ 7L (4.20)
i=2
where
* * n
7-(_1 = * 2 9
2 (n=1)g*o.? (n—2)q*o.
poe + (n—1)(g*)?0? 402 +(n 1)(n—2)(q*)2052+m2
TS = 7,
(n—1)q 1_ (n=1)(n—2)¢*
Vo= 1+ p (n— 1)(q 202 4a? - p (n=2)(¢*)?0 %402
o 2n—1 (n 1)2( *)? 1_(n=1)(n—2)2(¢*)? ’
PO =+ poe? + V2024072 + p (n=2)(¢*)202+02

* pO—LO_C pO-LQO—Q
= 1 1
1 271—2p<76 \/ \/ 27 n—2 \/ +\/+27 n—2

Also following Lemma 1A/ has a unique linear equilibrium price and it is of the form

o= m Y 0+L, (4.21)
=1
where
™ = ¢,
1 n(n—1)q°
¥ = 1+ o Dl Pr7os
ox?+oe? n(n—1)(¢°)? ’
n pog20e? + (n—1)(g°)20c2+012)

4 p o202 s \/ 4 p?or20>
o = 1 —4/=1 14+ 2= 7C
a \/2n—1p0€ \/+\/ T a1 \/ MR T
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Giveno? = sn?, equations (4.20) and (4.21) yield

2 2 2.2 \ 2
: ~N* Oz P00
nh_{& var(p" ) = <m) (02 +02) + (02 n 02) s, (4.22a)
0 poo? \?
lim var(7"") = (m) s, (4.22b)

respectively. The inequalities (3.4) and (3.5) in Remark 1 follow immediately from (4.22a)-

(4.22b). O

Proof of Proposition 5:Let {7 : A € Q} be the set of linear equilibrium prices satisfying

n
N N N g N
=T, —1—27@- 0; — v
i=1

with 0 < lim,s vV < 00, 0 < lim, ¥ < 00, i = 1,...,n, forall ' € Q. Following

Lemma 1 and equations (4.7b), (4.10b) in its proof, for Ahyg Q2 and: € {1,...,n}

var (X

if SW,i) ={i} and

var (X

2 2 n N2 2 N2 2 Ny2 2
~ ~ ~ [e e pms o (7% o —(7; o€+ o
iy [X|{9k}kesw,i)},ﬁj\/) = (Zior )22 trll 2ot + e} ) (4.23a)

2
(02 +03) (Tpy ())202+ (£ 7)) o34 (N)203 ) ~(xM)2ad —2n N T0_ 7N o203

2 o

[X|{ék}kesw,i)],ﬁ”) = 0202 ((ISWD)|-1) (S)oy ()20 = (M 202+ (V)20 ) = (Spesovn T ) “02) x

[(IS(NJ‘)\—1)(U§+I$(N7i)lff§)( (2024 (S m ) o2 (V)23

121N T esv.n T (02HISWV ) |02 ) o2 =[SV 0) ()2 (a2 +S (W i) |02 ) o2
HISW)=1) 7=y V02 (2 X pesav iy T 02 HISWV i) 25—, mj02)
(Sresun oot (4.23b)
if S(V,i) 2 {i}. Now note thatS(N,i)| = 1 if S(N,i) = {i}. From equations (4.23a)-
(4.23b), we obtain that for alV;, N> € Q andi € {1,...,n}

lim (Var (f(‘é,, E[)N(|{0~k}k€5(/\/1,i)],ﬁ/\/l> — var (X‘é“ E[X|{ék}k€S(Ng,i)]vﬁN2)>

2
07 —00

Thus, if|S(N1,1)| > |S(Na, )|, then
var (X(:, BLX (O breso o) 7 ) < var (X[6; BIX {0 hresoanl 7)
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for sufficiently larges?. This proves part (a) of the proposition.
Let A/ be a social network satisfyin§(\,i) = {1,...,n} foralli € {1,...,n}. Choose
an arbitrary social network/ € 2 satisfyingS(N, h) € {1,...,n} for someh € {1,...,n}.

Then
2 2 2 2

UEUI > Ueaz o 062
o2 +[SN h)o2 ~ o2 +nol o2 4 SN, h)|o2

Following (4.24), this implies

2
Oz

var <X|9~h, E[XHék}keS(N,h)LﬁN) > var (X\éh, E[X|{9~k}kesw,h)],ﬁﬁ)

for sufficiently larges?. So, for sufficiently large?, no social networkV” can informationally
dominate\ for the set of equilibrium price@?ﬂﬁ”}. This proves part (b) of the proposition.
O
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